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Instructions: You are encouraged to discuss general strategies to approach the questions on this problem set with
your classmates, but you must work and write up your solutions to the problems entirely on your own. Of course,
you are always welcome to meet with me to talk about any question you are having di�culty with. Please pay
attention to making your solutions as clear as possible for the reader; mathematical communication is an important
skill that you will develop in this course.

Problem 0 (Optional Challenge)

In class, I asked you to evaluate the integral
´ ´
R

x cos(xy) cos2(πx)dA over the region R = [0, 1/2] × [0, π]. The

point of the exercise was to show you that picking your order of integration can make a huge di�erence in how
one evaluates integrals. In class, we � with some harking back to regular calculus integration � were able to solve´ 1/2

0

´ π
0
x cos(xy) cos2(πx)dydx. The answer we got was 1

3π .

My charge to you is to try to solve it with the opposite order of integration. Solve
´ π
0

´ 1/2

0
x cos(xy) cos2(πx)dxdy.

I don't know if this approach will work, but I think you might want to consider using the identity

cos(a) cos(b) =
1
2
(cos(a+ b) + cos(a− b))

You can use it to make the product of those pesky trigonometric terms into a sum of nicer trigonometric terms.
You might also have to brush up on integration by parts.

Even if you do not solve the problem, I'm happy if you show me how far you got on this!

Problem 11

The purpose of this problem is to show you that the value of the integral
´∞
0

e−x−e−ax

x dxactually turns out to have
a value of ln(a), for the positive constant a. We will do this in a few steps. To set things up, we will call the value

of the integral I(a), because the integral depends only on the constant a. So I(a) =
´∞
0

e−x−e−ax

x dx.

1Taken from Rogawski, Section 15.1, Problem 50
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(a) Use L'Hopital's Rule to show that f(x) = e−x−e−ax

x , though not de�ned at x = 0, can be made continuous
by assigning the value f(0) = a − 1. Then use the Comparison Theorem to show that I(a) converges.
Hint: f(x) ≤ e−x + e−axfor x > 1. (See section 10.5 in Anton for a refresher on the Comparison
Theorem.)

(b) Show that I(a) =
´∞
0

´ a
1
e−xydydx

(c) Prove, by interchanging the order of integration, that I(a) = ln(a)− lim
T→∞

´ a
1
e−T y

y dy

(d) Use the Comparison Theorem to show that the limit in the equation in part (c) is zero. Hint: If a ≥ 1,
use e−Ty ≤ e−T for y ≥ a, and if a < 1, use e−Ty ≤ e−aT for a ≤ y ≤ 1. Conclude that I(a) = ln(a).

Problem 22

(a) Visualize the region bounded by the paraboloids z = x2 + y2and z = 8 − x2 − y2. Use WinPlot to
generate a graph showing these two paraboloids. Print out this graph.

(b) Find the volume of the of the region bounded by the paraboloids z = x2 + y2and z = 8− x2 − y2.

Problem 33

Evaluate the integral
´ 1

0

´ 1

0
x−y

(x+y)3 dydx. Reverse the order of integration and evaluate again. Explain why you

should not be surprised by the result.

Problem 4

The average value or mean value of a continuous function f(x, y) over a region R in the xy-plane is de�ned as

fave = 1
A(R)

´ ´
R

f(x, y)dA where A(R) is the area of the region R.

(a) Write a paragraph or two � accompanied by a drawing � explaining conceptually why this formula
makes sense. It didn't just pop out of nowhere. (It might help you to recall the analogous 2D case, from
Section 7.6.)

(b) A circular lens of radius 2 inches has thickness 1 − (r2/4) inches at all points r inches from the center
of the lens. Find the average thickness of the lens.4

(c) Given a point inside the unit circle, the distance to the origin is some number between 0 and 1. What is
the average of all those distances? It should also be a number between 0 and 1. Justify your approach.5

2Taken from Rogawski, Section 15.2, Problem 53
3From Exeter, Math 5, 2008 problem set, page 39, Problem 3; the same problem is also in Anton, Section 15.1, Problem 35.
4From Anton, Section 15.3, Problem 64
5From Exeter, Math 5, 2008 problem set, page 35, Problem 6
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